We consider the abstract Cauchy problem for the higher order differential equation
Ž .
Ž . Ž . Ž x shown that if there exist g 0, r2 , g y, , r ) 0 and a positive integer h n yh Ž . Ä < Ž y i . < such that R and A R 0 F k F n y 1 are bounded in g C; arg e k < < 4 Ž n n y 1 i . y 1 F r 2q , Gr, where R s q Ý A , then there exists a dense is0 i n Ž . Ž. subset G of E such that for every initial value u , . . . , u g G, ) has a 0 ny1
unique entire solution, that is, a solution which can be extended analytically to the whole complex plane. As a corollary, we get that the Cauchy problems for the parabolic higher order linear differential equations have a unique entire solution for a dense set of initial data. ᮊ 1997 Academic Press 0 ny1 q w . In this paper, R s 0, ϱ stands for the nonnegative real number set, Ž . N the positive integer set, and C the complex plane. We denote by B E the space of bounded linear operators from E to E. We write is0 w x In 1942, Hille 7 studied and characterized the analyticity of the strongly continuous semigroup in a Banach space. His result brought to light for the first time the intrinsic relationship between the infinitesimal generator of an analytic semigroup and its resolvent set, estimates of its resolvent. A characterization of the infinitesimal generator of an analytic semigroup in terms of estimates of its resolvent for only real values was w x w x obtained by Crandall et al. 1 . Kato 8 also gave a different type of characterization of an analytic semigroup based on the behavior of the Ž w x. semigroup near its spectral radius. It is known see, e.g., 3, 4, 6 that a strongly continuous semigroup is just the propagator of the following well-posed first-order linear abstract Cauchy problem in Banach space
where yA is the generator of the semigroup. Therefore, the characterizations of the analytic semigroups above are also those of the analytic propagators for the well-posed first-order Cauchy problems. Ž . w x Concerning the higher order abstract Cauchy problem 1.1 , Obrecht 9 obtained a sufficient condition for the analyticity of the propagators of Ž . w x 1.1 . Recently, we 12 improved this result and gave a Hille-type characterization of the analytic propagators of the complete second-order abstract Cauchy problem, which is dependent only on the properties of the Ž . coefficient operators of 1.1 . Further, we obtained this type of result for Ž w x w x. the case of arbitrary order see 11 or 13 .
The analyticity of solutions means that they can be extended analytically to a sector in C, but not with certainty to the whole complex plane. w x deLaubenfels 2 discussed first the existence and uniqueness of entire solutions, which can be extended analytically to the entire complex plane C, for first-order abstract Cauchy problems and gave some criteria. Followw x ing 2 , in the present paper, we introduce the concept of the entire Ž . solution of 1.1 and investigate its existence and uniqueness. Our purpose Ž . is to find some conditions ensuring that Eqs. 1.1 have a unique entire solution for every initial datum in a dense set. These conditions turn out to be particularly satisfied for parabolic higher order linear differential Ž equations a large and important class of abstract differential equations Ž w x .. see, e.g., 5, 9, 14 and references therein . E with D dense in E, and satisfy the following condition:
Then there exists a dense subset G of the product space E n s E = E = иии = E Ž . such that for e¨ery initial¨alue u , u , . . . , u g G, the Cauchy problem
. Let a y be the branch of the power function which is holomorphic off the half-line w . a, ϱ and positive for -a.
where ⌫ is the boundary of ⌺ , r and is oriented in a way that Im
we have that for every g ⍀, 
, we obtain that for each
Ž . )0, the integral in 2.4 exists and it defines an entire function of z.
Ž . Differentiating 2.4 in z up to l times, we get
Ž . is also polynomially bounded for in ⌫ . Hence, it follows from 2.7 and the closedness of A that Ž .
Ž . Ž . Ž .
Ž . 
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This ends the proof of existence, because of the denseness of D .
0 Now, we show the uniqueness. On the other hand, integrating by parts, we get that for each t G 0, ) r,
Ž . Ž .
s y e u e t q exp t y s u e s ds.
Thus, it follows from u e s qÝ
A u e s s 0 s G 0 that
H e e 0 n y 1 Ž .
Ž y i ␣ . Ž . 1 . Since t is arbitrary, u e t s 0 for any t G 0. Therefore u z s 0, z g C. This ends the proof of the theorem. 
Ž .
Recall that the parabolicity of the equation in 1.1 means that for some
and there is M ) 0 such that
As a direct consequence, we have . w x higher order equation in a Banach space be parabolic were studied in 5 Ž w x. w x resp. 14 . Corollary 2.3 enables us to apply the results in 5, 14 to obtain entire solutions for corresponding abstract Cauchy problems. 
. has a unique solution u g C R , H R , which can be extended to an 6 q Ž m . Ž . entire function: C ª H R , for every initial value u , u , u in a Ž .
Ž .
2
Define A s B q S , i s 0, 1, 2. Then, Theorem 2.1 combined with Theoi i i w x rems 2.6 and 3.2 in 14 shows the result desired. 
